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Abstract. Let „ (0 < a < n) be the singular and fractional integrals with variable 
kernel f2(jc,z), and [b, 7h,a] be the commutator generated by Tjj « and a Lipschitz func¬ 
tion b. In this paper, the authors study the boundedness of [b, on the Hardy spaces, 
under some assumptions such as the L'^-Dini condition. Similar results and the weak 
type estimates at the end-point cases are also given for the homogeneous convolution 
operators < a < n). The smoothness conditions imposed on fl are weaker than 

the corresponding known results. 

Keywords. Singular and fractional integrals; variable kernel; commutator; Hardy 
space. 


1. Introduction and main results 

Let 5"^* be the unit sphere in R"(n > 2) equipped with the normalized Lebesgue measure 
da{x'). We say a function defined on R" x R” belongs to L“(R") x (r > 

l),if 

(i) For allx,z G R” and A > 0, £2(x,Az) = f2(x,z); 

(ii) ||ii||L»=(R/.)xL''(S"-i) := sup^eR" (/y-i < °°- 

For 0 < a < n, we dehne the integral operators with variable kernels as follows: 



( 1 . 1 ) 


where n(x,z) G L“(R") x When a = 0, the right-hand side integral in (1.1) is 

interpreted in the sense of Cauchy principal value. In addition, we assume that fi(x,z) 
satisfies the cancellation condition, 

/ f2(x,z')d(7(z') = 0, forallxGR". (1.2) 

Js"-' 

Then Tq q is the singular integral with variable kernel, and we simply write it as Tq. The 
L''-boundedness of the singular integral operator with variable kernel appears in (T| (see 
also 13171 '). It turns out that such kind of operators are much more closely related to the 
elliptic partial differential equations of second order with variable coefficients. 
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Theorem A m. Let r > 2{n — l)/n, ifQ.{x,z) € x L''(5” *) and satisfies (1.2), 

then there exists a positive constant C, independent of f, such that 

l|7n(/)|lz.2(Rn) < C||/||^2(jjn). 

In 1971, Muckenhoupt and Wheeden EH established the following -bounded¬ 

ness of Tn.a when 0 < a < n. 

Theorem B 1231 . Let 0 < a < n, 1 < p < nja and l/q — I jp — ajn. If there exists a 
real number r > p' such that Q, G L°°(R'') x then there is a positive constant C, 

independent of f and LI, such that 

|7n,a(/)||M(Rn) < ||/||lp(K«). 

In 2002, Ding et al ED studied the boundedness properties of Tn a on the Hardy 
spaces. Recently, Zhang and Ding 1301 improved some of the results in ED for the case 
0 < a < n, and Chen and Zhang ii studied the boundedness properties of Tn a on the 
Herz-type Hardy spaces when 0 < a < n. 

The second class of operators considered in this paper are the Calderon-Zygmund 
singular integrals and the fractional integrals with homogeneous convolution kernel. Let 
n £ L' (‘5" *) be homogeneous of degree 0. We dehne the integral operator ^ as fol¬ 
lows: 

Tnf{x)= [ |„^i /(y)dy, 0<a<n. (1.3) 

Jw \x-yf “ 

When 0 < a < n, ^ is the fractional integral, which is studied by many authors (see 
1.51101121141241291 for instance). We simply write Ti a la, the Riesz potential. When 
a = 0 the right-hand side integral in (1.3) is interpreted in the sense of Cauchy principal 
value. In addition, we also assume the following cancellation condition: 

f Ll(x)da(x')=0. (1.4) 

Js"-' 

Then Tq q is the classical Calderon-Zygmund singular integral operator (see El)> we 
simply denote it by Ta- 

Remark 1.1. When Ll = Ll, Theorem B is true for n > njln — a) (see 1231 or l24l for 
details). 

On the other hand, commutators of linear operators take important roles in harmonic 
analysis and related topics (see for example). Let the a suitable function such as 

a BMO or Lipschitz function and 0 <a <n. The commutators generated by T^a or Td.a 
and b are dehned formally by 

[b,Tn,a]f{x)= [ f {bix)-biy))fiy)^y, (1-5) 

[bJdJfix) = -^^^ibix)-b{y))f{y)dy. ( 1 . 6 ) 

When b £ BMO(IR"), a study on [b, has a long history. In 1976, Coifman et al j9l 
proved that [b, T^] is bounded fromL^(R") (1 < p < oo) into itself when LI £ Lip^ (5"^*). 
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It is known that [b, Ta\ is neither of weak type (1,1) nor of type (see I25I26I for 

details). When b £ BMO(M") and 0 < a < n, the commutator [b,T^^ has been exten¬ 
sively and profoundly studied by many authors, and we refer the readers to 141131151161 . 

It is well-known that there are other links between the boundedness properties of com¬ 
mutators and the smoothness of b (see II7120121I22I25I for instance). These studies show 
that there are much more differences between b £ BMO(]R") and b belonging to the Lip- 
schitz space. For 0 < j3 <1, the Lipschitz space Lipj 3 (K") is defined by 

Lip,(l“) = |s: <“} ■ 

Recently, Lu et al ED considered the boundedness of Ta] and \bja] on Hardy-type 
spaces when b £ Lipp (K"). Motivated by ED, our main aim in this paper is to study the 
same problem for commutators \b, Tq „] and [b, We would like to remark that, in 
ED the smoothness conditions of H £ C^(5" *) or £ Lipj(5" *) are needed, and in 
this paper we need only a kind of L''-Dini conditions. So, our results for \b, Tq improve 
and extend the related results in ED, and our computations are more complex than that 
in ED In addition, none of such kind of results has been seen before for commutators 
[b,Tn,a]. 

Before stating our theorems, we recall the definition of the L''-Dini condition. For r > 1, 
a kernel £l{x,z) defined as above satisfies the L'^-Dini condition, if 

^'^^d5<oo, (1.7) 

where (Or{5) is the integral modulus of order r of fi about z, which is defined by 

COr{d)= sup , 

;c6KMp|<5 yJS"-' J 

and p denotes the rotation in K" with |p | = sup^/g^,,-! \pz! —z'\. 

When fi does not depend on the first variable, we have Q. —Cl and we write a), (5) as 
cbr{5). 

Theorem 1.1 . Let 0<li<l,b £ hipp (K.") and 0 < a <n — j5. If there is a real number 
r > max{n/j3,n/(n — a — j3)} such that fl(x,z) £ x and satisfies the C - 

Dini condition (1.7), then there exists a positive constant C, independent of f and b, such 
that 


||[^,7n,a]/||/,n/(n-a-P)(]gn) < C]|11(Rn) 11/||//1 (Rn) . 

Theorem 1.2. Let 0 < j3 < 1, ^ £ Lipp(R"), 0 < a < n — ji and n/{n + p) < p < 
1, Ijq = I j p — {a + li)ln. If there is a real number r > max{n/(j3 + n — njp),nj(n — 
a — P)} such that Q.{x,z) GL°°{W’) xL''(5"^*) and satisfies 

then there exists a positive constant C, independent of f and b, such that 

||[^,7b.a]/||w(K'') < C’||fe||Lip^(Rn) ||/||//p(Rn). 
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Remark 1.2. As special cases of Theorems 1.1 and 1.2 when the kernel D. does not depend 
on the first variable, we can get the corresponding inequalities for [b, TdJ- 

Remark 1.3. It is worth pointing out that we do not need the cancellation conditions of Q. 
in Theorems 1.1 and 1.2. 

From Theorems 2.2 and 4.1 in 1^ . the {HP,L‘>)-boundedness of fails with 

p — n/{n + P), even if G and satisfies the cancellation condition (1.4) when 

a = 0, so does [b,Ia] (0 < a < n). Instead of the (//f',L^)-boundedness of [b, Tn.al we 
consider the weak type estimates for [/?, < a <n) when p = n/(n + j3) as in 1211 . 

For 0 < a < n, we obtain the following weak type estimates at the end-point case of 
p = n/{n-bl5). 

Theorem 1.3. Let 0 < P < I, b G Lipp (K.") and 0 < a <n — (5. If there is a real number 
r > n/[n — a) such that Cl{x') G and satisfies 

I +”• 

then [b,TQ^] is bounded from into weak that says, there 

exists a positive constant C, independent of f and b, such that 

\{xG^’':\[bJ^Jf{x)\>X}\ 

forain>0. 

In addition, if we assume Cl has integral zero on 5"^^ we can establish the following 
weak type estimate for \b, Td] when p = n/{n + )3). 

Theorem 1.4. Let 0 < ji < I, b G Lipp(R") and r > 1. IfCl{x') G satisfies (1.4) 

and (1.9), then [b,TQ] is bounded from into weak L*(R"), say, there is a 

positive constant C, independent of f and b, such that 

\{xGW':\[bJ^]f{x)\>X}\ 

— ^ll^llLip^(K")‘^ ll/ll/r"/("+P)(]]i'i)) forallX>0. 

Remark 1.4. Theorems 1.3 and 1.4 improve the corresponding results in ED 

Our paper is arranged as follows. In §2, we will formulate some known results to be 
used and then prove Theorems 1.1 and 1.2. In the last section, we prove Theorems 1.3 and 
1.4. 

2. Proofs of Theorems 1.1 and 1.2 

Firstly, we have the following boundedness properties of [b, Tq o] on LP{M.") spaces. 
PROPOSITION 2.1. 

Let 0 < p < 1, b G Lipp(]R"), 0 < a < n — p and I < p < n/(a + j3), l/q = 1/p — 
{a+ P) jn. IfLl{x,z) G X and r > p', then there is a positive constant C, 

independent of f and b, such that 

||[^, 7a^a]/||z.9(R'') < C’||fe||Lip^(R/.) ||/||iP(R/i). 
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Proof. By (1.5) and the definition of Lipj 3 (R”), it is easy to see that 

\[bM,a]fi^)\ < ll^llLipp(R'-)7|n|,a+i3(l/l)W- 

Applying Theorem B for we meet the desired result. □ 

To prove Theorems 1.1 and 1.2, we recall the atomic decomposition theory of the Hardy 
spaces. Denote by [f] the greatest integer which is less than or equal to t. 

DEFINITION 2.1. 


Let Q<p<\<q<°°, pf^q and s > [n(l/p — 1)] be a nonnegative integer. A function 
a{x) S L'?(]R") is said to be a (p,^)-atom centered atxo, if 


(a) supp(a) C B{xo,d) := {x G K": |x —xo| < d}, for some d > 0; 

(b) ||aL,(r) < |B(xo,flf)|'/^-i/P; 

(c) /a(x)x^dx = 0, for 0 < l/l < i. 

Lemma 2.1. GHESl. Let 0 < p < 1. A distribution f on K." belongs to if and only 

if f can be written as f = in the sense of distribution, where each aj is a 

{p,q)-atom, Xj G C andY,’J=~x \ Xjf < Furthermore, 

||/|U.(K„)^inf| £ |A,r| , 

where the infimum is taken over all the above atomic decompositions of f. 


Now, we also need the following estimate for the kernel fi(x,z), which is stated in llTTl 
and can be proven by using the same methods as that of Lemma 5 in M- 

Lemma 2.2. im . Let 0 < jj. < n, Q.{x,z) G L“(K") x L''(5" (r > 1) and satisfies the 
L’'-Dini condition (1.7). If there is a constant 0 < ao < 1 /2 such that |y| < aoR, then 


1 

Q.{x,x-y) 

Q.{x,x) 

'A 

l/r 

Jr<\x\<2R 

|x — 

\x\"-^‘ 



< CR"^''- 

/ M + 

[ 


(Or{d) 


1 R 

)\y\/2R<S<\y\lR 

5 


where C is a positive constant independent ofR and y. 


Proof of Theorem 1.1. Since r > n/{n — a — P), 1 <r'< n/{a + 15). Pick a real number 
ii such that P < £i < n/{a + 15) and set 1 /i2 = 1 /fi — (ct + j3)/n. From Proposition 2.1 
we see that [b, 7n,a] is bounded from (R") into L^^ (R"). 

Write q = n/{n — a — P) for simplicity. By the atomic decomposition theory of Hardy 
space, to prove Theorem 1.1, it suffices to verify that for any (l,£i)-atom a(x), there is 
a constant C > 0, independent of a and b, such that [|[h,7n,a]a llL.(«")<C||h||up,(M«). 
Without loss of generality, we assume supp(a) C B = B{Q,d). Denote by tB = B{Q,td) 
for f > 0, then 

||[^,7b,a]a||L?(K«) < (^J^J[b,Tn,a]a{x)\‘^dx^ 

\ 1/9 

\[b,Tn,a]a{x)\'^dx) :=I + II. (2.1) 
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Noting that I 2 > n/{n — a — p) = q, by the Holder’s inequality, the 
boundedness of [b, Ih.a] and the size condition of a, we have 


^ C’||fo||Lip^(Rn). (2.2) 

By the cancellation condition of a and the Minkowski’s inequality, we have 


II < 


f ibix)-bi0))f 
J(2Bf Jb 


il{x,x — y) f2(x,x) 


\x-y 


n—a \y\n—ci 


([ / 

\J(2B)C Jb 


, {b{y)-b{0))a{y)dy 

B F-y|" “ 


fl(y)dy 

) 


q \ ^Iq 

dx 


q \ i/t 
dx 


) 


:=IIi+Il2- 


(2.3) 


Denote by A(x,y) = — ^\n-l for simplicity. Note that r > n/(n — a — fi) = q, 

1-^ >’| lA"! 

by the Holder’s inequality and Lemma 2.2, for any y &B, 


([ . , |A(x,y)|'^dx^ 

\J2Jd<\x\<2J+'d ) 

< f [ |A(x,y)rdx^ ' 

\J2id<\x\<2i^^d ) 

<C(2^'t/)"/'?-"+“|2-^'+ (2.4) 

J\y\IV^U 5 I 


Noting that sup^gjJ+'sl^W-^(0)1 < ll^llLip^(R")(2''+^<i)^ and ^ = n/(n - a - j3), by 
(2.4), (1.7) and the size condition of a, we have 

laWlEf/ ,, \Hx,yWHx)-b{0Wdx^ dy 

\J2Jd<\x\<2J+^d ) 

[• °° ft 

< C’ll^llLipp(R") |a(y)l E j 2 Jd<\x\< 2 J+'d 

< C||(,||up,(.., I l«MI E |2-' + —d51 dy 

< C’ll^llLip|5(R") I^MIdy < C’||^||Lipp(R")- (2-5) 

To consider II 2 , for any fixedx G (2B)‘', we first estimate |f2(x,x —y)||a(y)|dy. Not¬ 
ing that / <£i and for any x G (27?)*' andy G B there holds |x|/2 < |x —y| < 2|x|, then by 


III < C / 
Jb 
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the Holder’s inequality, we have for any fixed x S (25)*', 


j^\Q.{x,x-y)\\a(y)\Ay< (^J^\£l{x,x-yfdy'^ |fl(y)|'''dy^ 

|f2(x,x-y)rdy') 

<C||f2||^. 

(R")xL''(S"-*) (2.6) 

Since r>n/l5 and q — n/{n —a — P), then {n/r — n + a)q = q{n/r — ^)—n < —n. By 
the size condition of a, we have 

112 <C||fo||Lipp(R»)|5|^/"|^^^^^(^|xr”+“^|a(x,x-y)||fl(y)|dy^ 

< ||a|Lq(r) |x|(«/-”+“)^dx) ''' 

< C’||/7||Lipp(K")- (2.7) 


The above estimates for IIi and II 2 , together with (2.3) show that II < C’||fo||Lip^(K'i)- 
This completes the proof of Theorem 1.1. □ 


Proof of Theorem 1.2. Similar to the proof of Theorem 1.1, we assume fi and £2 to be 
the same as in the proof of Theorem 1.1. For any (p,fi)-atom a with supp(fl) C 5(0,5), 
it suffices to verify that there is a constant C > 0, independent of a and b, such that 

|[^,5n,a]a||i?(Rn) < C||5||Lipp(R/i). Write 


II [^) 7h o;]a||L'i'(R") <I + IIl+Il2, 


where I, IIi and II 2 are the same as in (2.1) and (2.3), except for n/{n + j3) <P< 1 and 
l/?= l/5-(« + ^)/n. 

Since 0<p<l<r'<fi then q < £ 2 - Similar to (2.2) we have I < C’||5||Lip^(Rn). To 
finish the proof of Theorem 1.2, we need only to modify the estimates for IIi and II 2 in 
the proof of Theorem 1.1. 

Noting that r > n/(n — a — j3), n/(n + P) < p < 1 and 0 < j3 < 1, it is easy to see that 
r > q and njp — n—X <n/p — n — f> <0. Since (2.4) is always true for r > q, then by 
(1.8) and the size condition of a, similar to (2.5), we have 
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< C’||/7||Lip^(R/i). 

From r>n/{P+n —n/p) and I jp = I / q + {a + P)/n, we have n + q{n/r — n + a) = 
q{nlr — P — n + n jp) < 0. By (2.6), similar to (2.7), we get 

Summing up the discussion above, we finish the proof of Theorem 1.2. □ 


3. Proofs of Theorems 1.3 and 1.4 

In this section, we prove Theorems 1.3 and 1.4. To do this, we need the following known 
estimates for Tn. „ (0 < a < n) and Ta- 

Lemma 3.1. 1.51101 . Let 0 < Ct < n, r > n/{n — a) and Cl S then Td. „ is of weak 

type {I ,n/{n — a)), that is, there is a positive constant C, such that 

|{veK": IWWI > Alt forallX>0. 

Lemma 3.2. EIT71 Suppose that Cl G LlogL(5” and satisfies (1.4). Then Td extends to 
an operator of type {p,p) for \ < p < oo, and of weak type (1,1). 

Proof of Theorem 1.3. Denote by qo = n/in — a) for simplicity. For / £ 
by the atomic decomposition theory of Hardy space, / = Y,’J=-oa^jaj in the sense of 
distribution, where each aj is a (n/(n + j3),fi)-atom and fj £ C. Suppose that supp(a ./)C 
Bj = B{xj,rj), then 

[b^TciJfix) = £ Xj{b{x)-b{xj))T^^aj{x)x2Bjix) 
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j^-oo 

- Tci,a E - Kxj))a^ (x) 

:=Ii(x)+l2(x)+l3(x). 

From Remark 1.1, we can choose i\ and I 2 with 1 < £i < nja and 1 jl^ = 1 jix — a/n 
such that Tq ^ is bounded from (M”) into Noting that b S Lip^ (R”) and £2 > 

qo, by the size condition of aj, we get 


II {b - bixjfTQ^^ajXiBj ||z.«o(r") 

< C 11 11 Lip^ (R") |fi; I ^ 11 11 LTO (R") 

<C||fe||up,(R")|B//”+‘/^«-'/'^ll« 2 llL 0 (R-.) 

^ C||^IlLipp(R")- 

Consequently, 

|{x e R": |Ii(x)| > A/3}|'/^« < 3A-' ||Ii |U,o(R») 

00 

<3A^' E \^j\\\ib-b{xj))T^^^ajX2Bj\\L‘’o(Rn) 

J=-oo 

00 

<C||fe||up^(R")A-' E l^tl- (3-1) 

j=-oo 

Noting that b G Lip^ (M”), by the Holder’s inequality and the size condition of aj, 
||(fo-fo(x;))a;||ii(R„) < ||^|lLipp(R")|fiil^^"l|a;ILi(»") 

<C||/.||up,(r)|B2r"+'-‘/'‘ll«2llLO(r) 

< C’||fe||Lipp(Mn). 

From Lemma 3. „ is of weak type (l,^o), then we have 

|{xeR”:|l3(x)|>A/3}|'/^o<3A-' £ |A,|||(^-K^,)KIL*(R") 

J=-oo 

<C||fe||up^(R")A-' E (3.2) 

J=-oo 

Now, we are in position to give the same estimates for l 2 (x) as that of Ii (x) and l 3 (x). 
Write A{x,y,Xj) = for simplicity. If r > n/{n -a)= qo, then by using 
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the Holder’s inequality and Lemma 2.2 for the special case that the kernel does not depend 
on the first variable, we have, for any y G Bj and k>\. 


2l^rj<\x\<2>^+hj 


|A(x,y,X;)|®dr 


1/® 


<c(2V,r— 


l/r 


<c 




Obviously, there holds the same estimate when r = n/(n — a) — qo. 

By the cancellation condition of aj, the Minkowski’s inequality, the above estimate and 
(1.9), we have 


II {b - b{xj))T^ ^{aj)X( 2 Bj)C || z .« o ( r « 


<C| 


2*r;<p|<2*+>r 
k 


\ 1/to 

\Kx,y,Xj){b{x)-b{xj))\‘^‘^AxJ dy 


)/ iai(y)lE(2'‘o 

k=\ 


\ 1/w 

“^<'"-d4dy 




<C||fe||upp(M»)|B//"+'-'/^H|a;llLO(M22)<C|4||up^(M"). 

And then 

|{xeR”: |l2(x)| >A/3}|'/^«<CA-il2||z..o(K22) 

E \H\\i^-Kxj))Ta^ai^i)X2Bj\\Ln{W) 


< 


„)A-i E l^2l- 

j=-oo 

From (3.1)-(3.3), and noting that n/(n + j3) < 1, we have 

|{xeM":|[fo,7’^,J|>A}|'/^o<El{^eR": |/,-(x)| > A/3}|'/^o 


<ciifeiiup,(M")A-M E 

This completes the proof of Theorem 1.3. 


{«+/3)/n 


(3.3) 


□ 
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Proof of Theorem 1.4. In the proof of Theorem 1.3, set = £2 > 1, applying Lemma 2.2 

for jj. =0 and Lemma 3.2, we can obtain the desired result, we omit the details. □ 
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